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PERIODS OF HODGE STRUCTURES AND
SPECIAL VALUES OF THE GAMMA FUNCTION
JAVIER FRESÁN
ABSTRACT. At the end of the 70s, Gross and Deligne conjectured that peri-
ods of geometric Hodge structures with multiplication by an abelian number
field are products of values of the gamma function at rational arguments, with
exponents determined by the Hodge decomposition. We prove an alternat-
ing variant of this conjecture for smooth projective varieties acted upon by an
automorphism of finite order, thus improving previous results of Maillot and
Rössler. The proof relies on a product formula for periods of regular singular
connections due to Saito and Terasoma.
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1. INTRODUCTION
This paper pursues a series of works by Weil [37], Gross [19], Shimura [32],
Deligne [13], Anderson [2], Colmez [8] and, more recently, Maillot and Rössler
[24], aiming to understand the relations between periods of certainmotives over
Q and values of the gamma function at rational arguments. Recall that the latter
is defined by the convergent integral
Γ(z)=
∫∞
0
t z−1e−tdt
for Re(z) > 0, and extended to a nowhere vanishing meromorphic function on
the complex plane, with simple poles at z = 0,−1,−2, . . .
1.1. Euler’s formula.
The oldest instance of such a relation is Euler’s formula∫1
0
ta−1(1− t )b−1dt =
Γ(a)Γ(b)
Γ(a+b)
, Re(a), Re(b)> 0,
the left hand side of which may be interpreted, for rational values of a and b, as
a period of a Fermat curve. Let us briefly recall how.
Leaving aside some trivial cases, we may assume a = r /d and b = s/d for
integers d ≥ 3 and 0 < r, s < d such that r + s 6= d . Choose a primitive d-th
root of unity ξ and denote by K the cyclotomic field Q(ξ). Consider the curve
C ⊂ P2 defined by the equation xd + yd = zd , which we shall regard as a K -
variety. The group G = µd (C)
3/(diag) acts on C by coordinate-wise multiplica-
tion, and this action decomposes the algebraic de Rham cohomology into one-
dimensional representations; they are spanned by the classes of the differentials
ωr,s = x
r−1y s−1dx, on which G acts through the characters χr,s (ξi ,ξ j ) = ξi r+ j s .
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Furthermore, the singular homology of the Riemann surfaceCan
C
is a cyclicQ[G]-
module, and there exists a generator1 κ [28] such that∫
κ
ωr,s =
1
d
(1−ξr )(1−ξs )
∫1
0
ta−1(1− t )b−1dt . (1)
From the standpoint of this article, Euler’s formula should be understood as
an expression for the determinant of periods of local systems on open varieties
purely in terms of local monodromies at infinity. To make this more precise,
observe that the quotient π :C →C/G realizes C as a G-cover of P1, ramified at
D = {0,1,∞}. By transport of structure,G acts on the direct image of the exterior
differentialOC →Ω1C , splitting it into a sum of rank one logarithmic connections
∇χ : Eχ→ Eχ⊗O
P1
Ω
1
P1
(logD)
indexed by the characters χ ofG . The sheaf of analytic horizontal sections of Eχ
restricts to a complex local system ker(∇anχ ) on the analytic manifoldU
an
C
associ-
ated toU =P1\D; it is canonically isomorphic to the χ-component of (π∗C)|Uan
C
.
Since this decomposition is already defined over K , we get a local system of K -
vector spaces Vχ onUanC together with an isomorphism ρ : Vχ⊗K C
∼
→ ker(∇anχ ).
At the level of cohomology, this K -structure induces “period isomorphisms”
H j (ρ) : H j (U ,DR(Eχ,∇χ))⊗K C
∼
−→H j (UanC ,Vχ)⊗K C.
If χ is non-trivial, the cohomology vanishes in degrees j = 0,2 and has di-
mension one for j = 1, so the alternating determinant of H•(ρ) with respect to
K -bases is simply a period; for χ = χr,s , it coincides with the integral (1) up to
an element of K×. Now a straightforward computation shows that the residues
of ∇χr,s at the singular points 0, 1 and ∞ are a, b and −a −b respectively, the
arguments at which the gamma function is evaluated in Euler’s formula!
1.2. Plan.
Following an idea of Bloch [6], we shall use a far-reaching generalization of Eu-
ler’s formula, the Saito-Terasoma theorem [30], to compute the periods of vari-
eties endowed with automorphisms of finite order. This will yield new cases of
a conjecture of Gross andDeligne expressing periods of geometric Hodge struc-
tures with multiplication by an abelian number field as products of special val-
ues of the gamma function. To our knowledge, the present article constitutes the
first application of this fundamental result besides the proof in loc. cit. that the
category of rank one motives associated to algebraic Hecke characters is closed
under taking the determinant of cohomology.
The paper is organized as follows.
1Explicitly, κ= γ− (1,ξ)∗γ+ (ξ,ξ)∗γ− (ξ,1)∗γ, where γ is the path t 7→ (t , (1− td )1/d ), t ∈ [0,1],
on the real points of the affine curve xd + yd = 1.
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In Sect. 2, we recall the Gross-Deligne conjecture and state our main results.
Sect. 3 is devoted to a self-contained presentation of the Saito-Terasoma the-
orem, as well as some complements needed for the sequel. In Sect. 4, we in-
troduce cyclic covers à la Esnault-Viehweg and compute their periods using the
Saito-Terasoma theorem. From this we derive the main results in Sect. 5.
1.3. Conventions.
The following notation and terminology are used throughout this paper:
• Q denotes the algebraic closure of Q in C.
• If K is a subfield of Q, we write ∼K× for the equivalence relation on non-
zero complex numbers given by a ∼K× b if and only if a/b ∈ K×.
• If x ∈Q, [x] and {x} denote the integral and fractional part respectively.
• By an algebraic variety over a field k we mean an integral separated k-
scheme of finite type. If X is an algebraic variety over a subfield k of
C, we denote by X an
C
the complex analytic manifold associated to X ×k
C, by H∗B (X ) (resp. H
∗
B,c (X )) the singular cohomology H
∗(X an
C
,Q) (resp.
the singular cohomology with compact support) and by χ(X ) the Euler
characteristic of X an
C
.
• We say that a divisor D on X has simple normal crossings if all its irre-
ducible components (Di )i∈I are smooth and intersect transversally. For
each i ∈ I , we denote byD◦
i
the complement inDi of the union of all the
irreducible components of D distinct fromDi .
• If F is a locally free OX -module, V(F ) denotes the associated geometric
vector bundle Spec(Sym•(F∨)).
2. MAIN RESULTS
In this section, we first introduce periods of geometric Hodge structures with
multiplication by an abelian number field and recall the Gross-Deligne conjec-
ture following [19, §4] and [24, §4]. After these preliminaries, we state our main
results. For a more extensive discussion on special values of the gamma func-
tion as periods of motives, as well as their relation to algebraic Hecke characters,
we refer the reader to [12, §8], [31] and [3, Chap. 24].
2.1. Periods of Hodge structures with abelianmultiplication.
Throughout, K is a subfield of Q and F a number field embeddable into K .
Definition 2.1. A Hodge structure with F-multiplication is a pair (H , ι) consist-
ing of a rational pure Hodge structure H such that dimQH = [F :Q], and a ring
morphism ι : F → EndHS(H ).
To each such pair it is attached a canonical decomposition
H ⊗QC=
⊕
σ∈Hom(F,C)
Hσ,
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where Hσ denotes the one-dimensional complex vector space H ⊗F,σC. Since F
acts by morphisms of Hodge structures, Hσ is contained in a unique summand
Hp,q of theHodge decomposition. Let p : Hom(F,C)→Z be the function assign-
ing p to σ. If H has weightm, then p(σ)+p(σ¯)=m.
In order to define periods, we shall further assume that:
(H1) H is a sub-Hodge structure of the Betti cohomology HmB (X ) of a smooth
projective variety X over K .
(H2) The subspaces Hσ ⊂ H ⊗QC are defined over K for the “de Rham struc-
ture” steaming from the comparison isomorphism
ρm : HmdR (X /K )⊗K C
∼
−→HmB (X )⊗QC.
Remark 2.1. Conditions (H1) and (H2) automatically hold when H is theHodge
realization of a motive over K with coefficients in F , or if F is a CM field and H
is polarizable and effective2.
Assuming (H1) and (H2), for each σ ∈Hom(F,C) there exists ωσ ∈ HmdR(X /K )
such that ρm(ωσ⊗K 1C) is a basis of Hσ. Let γ ∈ H∨ be any non-zero element of
the dual of the Q-vector space H . Then the non-zero complex number
〈ωσ,γ〉 := (γ⊗Q 1C)(ρ
m(ωσ⊗K 1C))
is independent of the choices of ωσ and γ up to multiplication by an element of
K×. Viewing γ as a cycle in Hm(X anC ,Q), it is nothing else than
∫
γωσ.
Definition 2.2. The period Pσ(H )∈C×/K× is the class of 〈ωσ,γ〉modulo K×.
Suppose finally that the number field F is abelian of conductor d and choose
embeddings F ⊆ Q(µd ) ⊂ Q. Identifying Gal(F/Q) with Hom(F,C), one gets a
surjective map ϕ : (Z/d )×→Hom(F,C). Given λ ∈ (Z/d )×, we shall write Pλ(H )
for the corresponding period Pϕ(λ)(H ). Besides, the composition of ϕ and p
gives a function from (Z/d )× to Z, still denoted by p , which now satisfies p(λ)+
p(−λ)=m since−1 ∈ (Z/d )× acts by complex conjugation. By [11, Lemma 6.12],
there exists a (non-unique) function ε : Z/d→Q such that, for all λ ∈ (Z/d )×,
p(λ)=
∑
a∈Z/d
ε(a){aλd }. (2)
2.2. The Gross-Deligne conjecture.
Let us keep the notation of the preceding section, with the additional assump-
tion that K = Q. Motivated by his geometric proof of the Chowla-Selberg for-
mula, Gross made the following conjecture in [19, p. 205], the precise form of
which was suggested by Deligne.
Conjecture 2.1 (Gross-Deligne). For any function ε : (Z/d )×→Q satisfying (2),
the following relation holds:
Pλ(H )∼Q×
d−1∏
a=1
Γ
(
1−
a
d
)ε(a/λ)
. (3)
2In the latter case, X can be chosen to be a product of CM abelian varieties [1, Thm. 3].
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Remark 2.2. By a result of Koblitz and Ogus [23], the right hand sides of (3) cor-
responding to different choices of ε agree up to an algebraic number, so it suf-
fices to prove the conjecture for a single ε. Precisely, if a function f : Z/d → Q
satisfies
∑
a∈Z/d f (a){aλ/d }= u for all λ∈ (Z/d )
×, then the number
Γ f ,λ := (2πi )
−u
d−1∏
a=1
Γ
(
1−
a
d
) f (a/λ)
is algebraic for all λ. If, in addition, f takes integer values, Gross and Koblitz
show thatΓ f ,λ generates a Kummer extension ofQ(ξ) of degree dividing the least
common multiple of 2 and d [20, Thm. 4.5].
A strong evidence supporting the Gross-Deligne conjecture is that it holds
in weight one, that is, for H1 of abelian varieties with complex multiplication
by an abelian number field, a theorem of Anderson [2]3. On the contrary, the
conjecture remains wide open in higher weight, even when the function p is
constant. In this case, the multiplication formula
d−1∏
a=1
Γ
(
1−
a
d
)
= d−
1
2 (2π)
d−1
2 (4)
allows to rewrite the statement as Pλ(H ) ∼Q× (2πi )
p . Observe that this would
follow from the Hodge conjecture or if all classes in H were absolute Hodge.
2.3. Main results.
We now state the main results of the paper, which provide new evidence for the
Gross-Deligne conjecture in higher weight.
Let d ≥ 3 be an integer, ξ a primitive d-th root of unity and K a subfield of Q
containing Q(ξ). Let X be a smooth, projective variety, together with an auto-
morphism g of order d , with everything defined over K .
We shall denote by H j (X ,g ) the largest sub-Hodge structure V ⊆H
j
B
(X ) such
that g∗ acts on V ⊗QC through primitive eigenvalues, that is
H j (X ,g )=H j
B
(X )⊗Q[µd ]Q(ξ).
Then H j (X ,g ) has a natural structure of vector space over Q(ξ), the dimension
of which will be denoted by h j . If h j ≥ 1, the Q-vector space detQ(ξ)H
j (X ,g )
carries a pure Hodge structure of weight jh j with Q(ξ)-multiplication.
Using the Künneth formula, detQ(ξ)H
j (X ,g ) can be realized inside the coho-
mology of X h j , from which conditions (H1) and (H2) follow [24, Lemma 2.1].
Moreover, the associated function p j : (Z/d )×→Z is given by
p j (λ)=
∑
p+q= j
ph
p,q
λ
(X ), (5)
where h
p,q
λ
(X ) denotes the dimension of the ξλ-eigenspace of Hp,q (X ).
3Although this is not explicitly stated in [2], it follows readily from Prop. 1.5 and Thm. 3.1 and
4.7 therein.
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We prove the following alternating variant of the Gross-Deligne conjecture4
for the Hodge structures detQ(ξ)H
j (X ,g ) :
Theorem A. There exists a function ε :Z/d→Q satisfying the conditions:
(i) The following equality holds for all λ ∈ (Z/d )× :∑
a∈Z/d
ε(a){aλd }=
2n∑
j=0
(−1) j
∑
p+q= j
ph
p,q
λ
(X ).
(ii) For each λ∈ (Z/d )×, there exists an algebraic number αλ such that
2n∏
j=0
Pλ(detQ(ξ)H
j (X ,g ))(−1)
j
∼L× αλ ·
d−1∏
a=1
Γ
(
1−
a
d
)ε(a/λ)
,
where L is the extension of K generated by i and d
1
d−1 . Moreover, if w
denotes the least commonmultiple of 2 and d, then αw
λ
∈K×.
Remark 2.3. The presence of the extension L in the statement is only due to the
extra factors needed to transform powers of 2πi into products of gamma values
using the multiplication formula (4). In fact, the proof will show that there exist
integersMλ such that, for all integer-valued function ε : Z/d→Z satisfying∑
a∈Z/d
ε(a){aλ
d
}+Mλ =
2n∑
j=0
(−1) j
∑
p+q= j
ph
p,q
λ
(X ),
there exists algebraic numbersαλ,ε, with α
w
λ,ε ∈K
×, such that:
2n∏
j=0
Pλ(detQ(ξ)H
j (X ,g ))(−1)
j
∼K× αλ,ε(2πi )
Mλ
d−1∏
a=1
Γ
(
1−
a
d
)ε(a/λ)
.
Remark 2.4. Using techniques in Arakelov geometry, Maillot and Rössler prove
that, for each odd primitive Dirichlet character χ : (Z/d )× → C, the equality of
complex numbers
2n∑
j=0
(−1) j
∑
λ∈(Z/d)×
log|Pλ(detQ(ξ)H
j (X ,g ))|χ(λ)
=
L′(χ,0)
L(χ,0)
2n∑
j=0
(−1) j
∑
λ∈(Z/d)×
χ(λ)
∑
p+q= j
ph
p,q
λ
(X ) (6)
holds, up to addition of a termof the form
∑
λ∈(Z/d)×
∑
i (bi ,λ log|αi ,λ|)χ(λ), where
αi ,λ ∈ K
×, bi ,λ ∈Q(ξ) and i runs through a finite set of indices [24, Thm. 1]
5, cf.
also theBourbaki seminar [34]. From (6) and a classical formula relating L′(χ,0)/
L(χ,0) to gamma values, the authors deduce a weak version of Theorem A, in
which the period is replaced by its absolute value, under the additional assump-
tion that d is prime [24, §4].
4Strictly speaking, the period is only defined when h j ≥ 1. For notational convenience, we
shall set Pλ(detQ(ξ)H
j (X ,g )) = 1 if this is not the case.
5But be aware that the square in Conj. B(M0,N ,χ) in page 730 of loc. cit. is a misprint.
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Let us emphasize that separating the periods coming from different degrees
seems to be out of the reach of the methods used in this paper. Nevertheless,
Theorem A implies the original Gross-Deligne conjecture in some interesting
cases where H j (X ,g ) vanishes in all degrees but one, as already observed by
Maillot and Rössler [24, Cor. 4.2].
Corollary 2.1. Let X be an n-dimensional smooth, complete intersection over Q,
together with an automorphism g of finite order d ≥ 3. The Gross-Deligne conjec-
ture holds for the Hodge structure detQ(ξ)H
n(X ,g ).
Proof. Let ι : X ,→ PN be a projective embedding of X . By the Lefschetz hyper-
plane theorem, ι∗ : H j (PN )→H j (X ) is an isomorphism for all j 6= n. Since such
a non-zeroH j (X ) is one-dimensional, g∗ acts bymultiplication by a d-th root of
unity, which can only be ±1 because integral cohomology is preserved. Taking
into account that d ≥ 3, the only non-trivial H j (X ,g ) is the one in degree n. 
We now discuss two instances of Theorem A which are easier to handle be-
cause the quotient of X by the action of g is a smooth variety, so one can directly
adapt the approach to Euler’s formula sketched in the introduction. In general,
before taking the quotient, it is necessary to perform a sequence of equivariant
blow-ups to reduce the computation to the case of a cyclic cover of a smooth
variety ramified along a simple normal crossings divisor.
Proposition 2.1. If g acts without fixed points on X , then
2n∏
j=0
Pλ(detQ(ξ)H
j (X ,g ))(−1)
j
∼K× αλ(2πi )
nχ(X )/2d .
We refer to Sect. 4.4 for a precise description of the constant αλ. Observe
that, if we further assume that H j (X ,g ) vanishes in all degrees but one, which is
thennecessarily j = n by Poincaré duality, thendetQ(ξ)H
n(X ,g ) consists entirely
of Hodge classes (see Remark 4.2). It is not known whether they are absolute
Hodge, a fortiori algebraic. Nonetheless, the above proposition shows that their
periods are, up to an algebraic factor, the expected powers of 2πi .
In the case of curves, we recover a result due to Terasoma [36, Thm. 2.1.3].
To formulate it, let π : X → Z denote the quotient by the action of g , g (Z ) the
genus of Z , and S ⊂ Z the branch locus of π. If S =
∐
Spec(Ki ), we denote by δS
the product of the square roots of the discriminants of the extensions Ki /K (see
Example 3.2). Wemay choose a rational sectionω of the sheaf of logarithmic dif-
ferentials Ω1Z (logS) with non-vanishing residues along S, so that div(ω) is sup-
ported on Z \S. By Kummer theory, there exists a generator fλ of the cyclic field
extension K (X )/K (Z ) corresponding to π such that f
g
λ
= ξλ fλ. Then Fλ = f
d
λ
is a
rational function on Z . Moreover, it is possible to find fλ invertible at the points
over div(ω). Let z be a closed point in Z \S and x a lifting to X . The value of fλ(x)
modulo K×, when defined, depends only on z, so we shall write fλ(z). Consider
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the element in Q
×
/K× given by
αλ =δS ·
∏
z∈Z\S
∏
σ∈AutK (K (z))
fλ(z
σ)ordz (ω) ·
∏
s∈S
Ress(ω)
− 1
d
[K (s) : K ]ords (Fλ),
where the last term is defined as exp(− 1
d
[K (s) : K ]ords(Fλ) log(Ress(ω))) for some
branch of the logarithm. Since fλ is unique up tomultiplication by an element of
K (Z )× and K containsQ(ξ), the class αλ is independent of all the above choices.
TheoremB. The following relation holds:
Pλ(detQ(ξ)H
1(X ,g ))∼K× αλ · (2πi )
g (Z )−1
·
∏
s∈S
Γ
(
ords(Fλ)
d
)[K (s) : K ]
.
2.4. Analogue over finite fields.
It is worth mentioning that Theorem B admits an analogue over finite fields, in
which epsilon factors play the role of periods and gamma values are replaced
by certain Gauss sums. Let p be a prime ideal of K not dividing d , with residue
field Fq . Assume that both X and g have good reduction at p. Then the Artin
L-function L(Xp/Fq ,λ,T ) satisfies a functional equation of the form
L(Xp/Fq ,λ,T )= ε(λ)T
−χL(Xp/Fq ,−λ, (qT )
−1),
whereχ is an integer and ε(λ) a non-zero complex number. To give a formula for
ε(λ), let us denote by Teichp : µd (Fq )→ µd (K ) the inverse of the reduction map
modulo p and define, for 1≤ a ≤ d −1, the Gauss sum
τp(a/d )=−
∑
x∈F×q
Teichp(x
a
d
(q−1))exp(2πi
p
·TrFq/Fp (x)).
TheoremC. There exists a root of unityαp of order w such that
ε(λ)=αp ·q
g (Z )−1
·
∏
s∈S
τp
(
ords(Fλ)
d
)[K (s) : K ]
.
Moreover, if Fp ∈ Gal(Q/K )ab denotes a geometric Frobenius at p, the following
“reciprocity law” holds: Fp(α)=αpα.
We conjecture that a similar result is true in any dimension. In a subsequent
paper [17], we shall use an ℓ-adic avatar of our techniques to prove Theorem C,
as well as an alternating version of this conjecture.
3. THE SAITO-TERASOMA THEOREM
In this section, we recall the Saito-Terasoma theorem [30]. The following
notation will be used: k and F denote subfields of C, and U a smooth quasi-
projective variety, of dimension n, over k . By resolution of singularities, there
exists a smooth projective variety X over k containingU as the complement of
a simple normal crossings divisor D. We fix such an X throughout.
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3.1. The categoryMk ,F (U ).
Following [30, Def. 2, p. 872], we consider the category of triples
M = ((E ,∇),V ,ρ),
where:
• E is a locally free OU -module of finite rank endowed with an integrable
connection ∇ : E → E ⊗OU Ω
1
U with regular singularities along D,
• V is a local system of F -vector spaces onUan
C
,
• ρ :V → E an is a morphism of sheaves inducing an isomorphism of com-
plex local systems V ⊗F C≃ ker(∇an).
Recall that (E ,∇) has regular singularities along D if there exists a locally free
OX -sheaf EX and a logarithmic connection ∇X : EX → EX ⊗OX Ω
1
X (logD) satis-
fying (EX ,∇X )|U ≃ (E ,∇). Such a pair will be called a logarithmic extension. We
refer the reader to [9] or [22] for basic properties of regular singularities, includ-
ing the fact that Gauss-Manin connections are always regular singular.
We shall denote by rk(M ) the rank of E and define the determinant of M as
the rank one object det(M )= ((detOU E , tr(∇)),detF ,detρ).
The category Mk ,F (U ) possesses a “unit object” 1U = ((OU ,d ),F,ρ), where ρ
denotes the inclusion of the constant sheaf F into OanU .
The set MPick ,F (U ) of isomorphism classes of rank one objects in Mk ,F (U )
forms a group under tensor product, with the class of 1 as unit. IfU = Spec(L),
for a finite extension L of k , it has the following description:
MPick ,F (L)≃ k
×\(C×)Homk (L,C)/(F×)Homk (L,C).
Indeed, rank one objects in Mk ,F (L) are triples M = (ML ,MF , (ρσ)σ) consist-
ing of one dimensional vector spaces ML over L and MF over F , together with
isomorphisms ρσ : ML ⊗L,σC
∼
→MF ⊗F C for each σ ∈Homk(L,C). Let us choose
basismL andmF and write ρσ(mL ⊗L,σ 1C)=ασmF ⊗F 1C. Then the assignment
M 7→ (ασ)σ induces the desired isomorphism.
Moreover, there is a normmap
NL/K : MPick ,F (L)→MPick ,F (k) (7)
given, in the above notation, by [M ] 7→
∏
σ aσ.
3.2. Periods of connections.
An integrable connection ∇ : E → E ⊗OU Ω
1
U canonically extends to a complex
of sheaves (E ⊗OU Ω
•
U ,∇) which will be denoted by DR(E ,∇). By analytification,
one deduces a complex of sheaves DR(E an,∇an) onUan
C
and canonical maps of
complex vector spaces
H•(U ,DR(E ,∇))⊗k C−→H
•(UanC ,DR(E
an,∇an)). (8)
When (E ,∇) has regular singularities, this map is an isomorphism by a theo-
rem of Deligne [9, Chap. II, Thm. 6.2]. Besides, DR(E an,∇an) is a resolution of
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the local system ker(∇an) [9, Chap. I, Prop. 2.19], whence:
H•(UanC ,ker(∇
an))
∼
−→H•(UanC ,DR(E
an,∇an)). (9)
If, in addition, V and ρ as in paragraph 3.1 are given, one gets isomorphisms
H•(ρ) : H•(U ,DR(E ,∇))⊗k C
∼
−→H•(UanC ,V )⊗F C
from (8), (9) and themap induced by ρ on cohomology. For the unit object, one
recovers the classical comparison between de Rham and Betti cohomology.
Let P j denote thematrix ofH j (ρ) with respect to any basis ofH j (U ,DR(E ,∇))
over k and any basis of H j (Uan
C
,V ) over F .
Definition 3.1. The determinant of periods of M = ((E ,∇),V ,ρ) is given by the
alternating product
per(M )=
2n∏
j=0
(detP j )
(−1) j
∈ k×\C×/F×.
3.3. The Saito-Terasoma theorem.
Theorem 3.1 (Saito-Terasoma). The following equality holds in k×\C×/F× :
per(M )= per(1U )
rk(M )
· (det(M ),cXmodD) ·Γ(∇
∨ : E ∨).
Here (E ∨,∇∨) denotes the dual connection6. The gamma factor Γ(∇∨ : E ∨)
and the pairing with the relative canonical cycle cXmodD will be introduced in
paragraphs 3.4 and 3.5 below. We shall also give a formula for per(1U ).
3.4. The gamma factor.
Let (EX ,∇X ) be a logarithmic extension of (E ,∇) to X . For each irreducible com-
ponent Di of D, let ki denote its field of constants, that is, the finite degree ex-
tension Γ(Di ,ODi ) of k . The composition
EX
∇X
−→ EX ⊗Ω
1
X (logD)
id⊗ResDi
−−−−−−→ EX ⊗OX ODi = : EX |Di
induces an (ODi -linear) endomorphism ResDi∇X ∈ End(EX |Di ) called the residue
of the connection along Di . Consider its characteristic polynomial
ΦEX ,i (T )=det(T −ResDi∇X ) ∈ ki [T ],
the roots of which are classically called exponents of (EX ,∇X ) atDi .
Definition 3.2. A logarithmic extension of (E ,∇) is small if none of the expo-
nents at none of the componentsDi is an integer n ≤ 0.
Remark 3.1. Small extensions always exists: indeed, starting fromany extension
(EX ,∇X ), the sheaf EX ⊗OX (
∑
µ jD j ) carries a natural logarithmic connection
with residue ResDi∇X −µi · idODi along Di [16, Lemma 2.7].
6Recall that∇∨ is uniquely determinedby the requirement d〈e,e∨〉 = 〈∇e,e∨〉+〈e,∇∨e〉, where
〈 , 〉 : E ×E∨→OU denotes the canonical duality pairing.
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Given a polynomial P ∈ k[T ] such that P(n) 6= 0 for all integers n ≤ 0, we put
Γ(P)=
∏
P (α)=0
Γ(α)
(roots counted with multiplicity). If the coefficients of P lie instead in a finite
extension L of k , we shall first apply the norm NL/k : L(T )→ k(T ).
Definition 3.3. The gamma factor of a small extension (EX ,∇X ) of (E ,∇) is the
non-zero complex number7
Γ(∇X : EX )=
∏
i∈I
Γ(Nki /kΦEX ,i )
χ(D◦
i
).
Observe that the exponents depend on the extension, whereas their classes
modulo Z are uniquely determined by (E ,∇). Indeed, if α is an exponent, then
exp(−2πiα) is an eigenvalue of the local monodromy of ker(∇an) around Di [9,
Ch. II, Prop. 3.11]. Together with the functional equation Γ(s +1) = sΓ(s), this
implies that the class of Γ(∇X : EX ) modulo k× does not depend on the choice of
the small extension [30, Lemma 1.8].
Definition 3.4. The gamma factor of (E ,∇) is the class of Γ(∇X : EX ) modulo k×
for any small extension (EX ,∇X ). It will be denoted by
8
Γ(∇ : E ).
Remark 3.2. When k and F are subfields of Q, Brieskorn [7, Satz 4] shows that,
if α is an exponent of (EX ,∇X ), then both α and exp(−2πiα) are algebraic num-
bers. Hence, by the Gelfond-Schneider theorem, all α are rational (cf. also [33,
Lemma 3.1]). In this case, the gamma factor takes the form
Γ(∇ : E )=
∏
i∈I
rk(E )∏
j=1
Γ(αi j )
[ki : k]χ(D◦i ).
3.5. The pairing with the relative canonical cycle.
In this section, we introduce the remaining terms in the Saito-Terasoma theo-
rem. Recall that n always denotes the dimension of X .
3.5.1. The relative Chow group of zero-cycles.
Let us denote by Kn,X (resp. Kn,Di ) the Zariski sheaf on X (resp. on Di ) associ-
ated to Quillen’s K -theory in degree n [27, §3], and consider the complex
Kn(X modD)= [Kn,X −→
⊕
i∈I
(ιi )∗Kn,Di ],
whereKn,X sits in degree zero and ιi : Di ,→ X is the inclusion
9.
7To eliminate any possible ambiguity, hereχ(D◦
i
)=
∑2(n−1)
j=0 (−1)
j dimki H
j
dR
(D◦
i
/ki ).
8Saito and Terasoma use the notationΓ(∇ : M ); we prefer to emphasize that the gamma factor
depends only on (E ,∇).
9Note that the definition of Kn(X mod D) makes sense for any family D = (Di )i∈I of regular
closed subschemes of X , not necessarily forming a simple normal crossings divisor.
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Definition 3.5. The relative Chow group of zero cycles is the hypercohomology
of this complex:
CHn(X modD)=Hn(X ,Kn(X modD)).
By the Bloch-Quillen formula CHp(X )≃Hp(X ,Kp,X ) [27, §7, Thm. 5.19], this
group fits into a long exact sequence
· · · −→
⊕
i∈I
Hn−1(Di ,Kn,Di )−→CH
n(X modD)−→CHn(X )−→ 0. (10)
Saito and Terasoma prove that CHn(X modD) admits an adelic presentation
CHn(X modD)= coker
(
∂ :
⊕
y∈X1
By −→
⊕
x∈X0
Ax
)
, (11)
where Xi denotes the set of points of X of dimension i [30, Prop. 1]. In this
formula, the group Ax is an extension of Z by
⊕
i∈Ix k(x)
×, with Ix ⊆ I the index
subset of irreducible components of D such that x ∈ Di ; the group By is an ex-
tension of k(y)× by
⊕
i∈Iy K2(k(y)), with Iy similarly defined; and the morphism
∂ is the direct sum ofmaps ∂x,y : By → Ax , for x in the closure of y , induced from
the order ordx : k(y)×→Z and the tame symbol ( , )x : K2(k(y))→ k(x)×.
In particular, each closed point of U defines a class [x] in CHn(X mod D),
the image of 1 ∈ Z = Ax . A corollary of the adelic presentation is that the rela-
tive Chow group of zero cycles is actually generated by these classes, as x runs
through any dense open subscheme ofU [30, Cor. p. 880].
3.5.2. The relative canonical cycle.
Definition 3.6. A partial trivialization of a locally free OX -module F alongD is
a family r = (ri )i∈I of surjective morphisms ri : F|Di →ODi .
For example, the Poincaré residues ResDi : Ω
1
X (logD)|Di →ODi provide a par-
tial trivialization of the sheaf of logarithmic differentialsΩ1X (logD).
Let (F ,r ) be a locally free OX -module of rank n, together with a partial triv-
ialization r along D. By a construction due to Saito [29, §1], to such a pair it is
attached a relative top Chern class cn(F ,r ) ∈ CHn(X mod D) mapping to the
usual top Chern Class under (10). Let us briefly recall how it is defined.
Consider the geometric vector bundleV =V(F ) associated toF and themor-
phisms ri : VDi →A
1
Di
induced by the partial trivialization. Define ∆i = r−1i ({1}),
where {1}⊂A1Di denotes the unit section. Then ∆= (∆i )i∈I is a family of regular
closed subschemes of V disjoint from the zero section {0} ⊂ V . Thus the local
cohomologies Hn{0}(V ,Kn,V ) andH
n
{0}(V ,Kn (V mod∆)) are isomorphic. Besides,
since V → X and ∆i →Di are affine bundles, there is an isomorphism
Hn(V ,Kn (V mod ∆))≃H
n(X ,Kn(X modD))
by the homotopy property of K -theory [27, §7, Prop. 4.1]. This and the natural
mapHn{0}(V ,Kn(V mod ∆))→H
n(V ,Kn (V mod ∆)) induce a morphism
Hn{0}(V ,Kn,V )−→CH
n(X mod D). (12)
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With this notation, the relative top Chern class cn(F ,r ) is defined as the im-
age of the cycle class {0} ∈ Hn{0}(V ,Kn,V ) under (12). Specializing to Ω
1
Z (logD),
together with the partial trivialization Res= (ResDi ), we get:
Definition 3.7. The relative canonical cycle is
cXmodD = (−1)
ncn(Ω
1
X (logD),Res)∈CH
n(X modD).
3.5.3. The pairing.
Let x be a closedpoint ofU andM = ((E ,∇),V ,ρ) a rank oneobject inMk ,F (U ).
The fiber of M at x is the rank one object
M|x = (Ex ,Vx , (ρx,σ)σ∈Homk (k(x),C)) ∈Mk ,F (k(x)),
where Ex and Vx denote the fibers at x, and ρx,σ : Vx → E anx is obtained by re-
striction of ρ. Taking the norm (7) down to k , we get an element
Nk(x)/k (M|x) ∈ k
×\C×/F×.
Proposition 3.1 (Saito-Terasoma). There exists a unique pairing
( , ) : MPick ,F (U )×CH
n(X modD)−→ k×\C×/F×
such that (M , [x])=Nk(x)/k (M|x) for all closed points x ofU.
The uniqueness of the pairing follows from the fact that CHn(X mod D) is
generated by the classes [x]; the existence is the main result of Sects. 2 and 3 of
[30]. All the factors involved in the Saito-Terasoma theorem are now defined.
In concrete terms, wemay computeNk(x)/k (M|x) as follows [30, p. 882]: choose
a local basis e of E around x and a local basis v ofV on a sufficiently small neigh-
borhoodW of x inUan
C
. Then the function ϕ= ρ(v)/e : W → C is invertible and
holomorphic, and we have
Nk(x)/k (M|x)=
∏
σ∈Homk (k(x),C)
ϕ(σ(x))−1. (13)
Example 3.1. Let usmake, after [29, p. 392] and [30, p. 882], all the constructions
explicit in the case where X is a curve andD a reduced divisor. Then the relative
Chow group of zero-cycles CH1(X modD) coincides with the usual divisor class
group with modulus
CH1(X modD)≃ coker(k(X )−→
⊕
x∈U0
Z⊕
⊕
x∈D
k(X )×/(1+mx )). (14)
To compute the relative canonical cycle, we may choose a rational section ω
ofΩ1X (logD) with non-vanishing residues along
10D, so the divisor ofω does not
meetD. Then the image of cXmodD under the isomorphism (14) is
cXmodD =−div(ω)−
∑
x∈D
[Resx (ω)],
where [Resx(ω)] denotes the class of Resx (ω) ∈ k× in k(X )×/(1+mx ).
10If degD ≥ 2, we can even choose a global section.
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Now assume that a rank one object M inMk ,F (U ) is given, and let ∇X denote
a small extension of the underlying connection. Then:
(M ,cXmodD )=
∏
x∈U0
Nk(x)/k(M|x )
−ordx (ω) ·
∏
x∈D
Resx (ω)
Trk(x)/k (Resx∇X ),
where the last term is defined as exp(Trk(x)/k (Resx∇x ) · log(Resx (ω))) for some
branch of the logarithm. It is easy to see that its class in k×\C×/F× is indepen-
dent of the choice of both the extension and the branch of the logarithm.
3.6. Variant with compact support.
The Saito-Terasoma theorem admits the following variant. If (E ,∇) is an inte-
grable connexion on U with regular singularities along D, we define its coho-
mology with compact support as
H•c (U ,DR(E ,∇))=H
•(X ,DR(EX ,∇X ))
for any small extension (EX ,∇X ) of (E ,∇) to X [30, Lemma 1.2]. The name is
justified by the existence of a canonical isomorphism
H•c (U ,DR(E ,∇))⊗k C
∼
−→H•c (U
an
C ,ker(∇
an)).
As in paragraph 3.2, for each object M ofMk ,F (U ) we deduce isomorphisms
H•c (ρ) : H
•
c (U ,DR(E ,∇))⊗k C
∼
−→H•c (U
an
C ,V )⊗F C.
The period perc (M ) ∈ k
×\C×/F× is then defined as the alternating determinant
of H•c (ρ) with respect to rational bases. From Theorem 3.1 for the dual object
and Poincaré duality [30, Lemma 1.7], we immediately derive:
Theorem 3.2 (Saito-Terasoma). The following equality holds in k×\C×/F× :
perc (M )= perc (1U )
rk(M )
· (det(M ),cXmodD ) ·Γ(∇ : E )
−1.
3.7. Periods of the unit object.
In this final section, we give a formula for the determinant of periods of the
unit object 1U . To formulate the result, let D(m) denote the disjoint union of
all schematic intersections D J =
⋂
i∈J Di indexed by subsets J ⊆ I of cardinalm,
with the usual convention D(0) = X . Observe that D(m) is a smooth projective
variety of dimension n−m.
Proposition 3.2. The following equality holds in k×\C×/F× :
per(1U )
2
= (2πi )
∑
m≥0(−1)
m(n+m)χ(D(m)).
As a consequence of Poincaré duality:
Corollary 3.1. The following equality holds in k×\C×/F× :
perc (1U )
2
= (2πi )
∑
m≥0(−1)
m(n−m)χ(D(m)).
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To prove the proposition, we can plainly assume that F =Q. Using a standard
technique inmixedHodge theory, we shall reduce to the smooth projective case.
Recall that any smooth variety Y over k provides objects
H j (Y )= (H
j
dR
(Y /K ),H
j
B (Y ),ρ
j )
of the abelian categoryMk ,Q(k). Given an integer r ≥ 1, we define the Tate twist
H j (Y )(−r ) as the tensor product H j (Y )⊗H2(P1)⊗r . As usual, we have
per(H j (Y )(−r ))= (2πi )r dimH
j (Y )
·per(H j (Y )).
With the above notation, the identity
2n∑
j=0
(−1) j [H j (U )]=
∑
m≥0
(−1)m
2(n−m)∑
ℓ=0
(−1)ℓ[Hℓ(D(m))(−m)]
holds in the Grothendieck group K0(Mk ,Q(k)), see [26, p. 99] for the correspond-
ing statement at the Betti level,which generalizes at once. Since the determinant
is multiplicative on exact sequences, it follows that
per(1U )= (2πi )
∑
m≥0(−1)
mmχ(D(m))
·
∏
m≥0
per(1D(m))
(−1)m . (15)
Thus we are reduced to prove the following lemma:
Lemma 3.1. Let X be an n-dimensional smooth projective variety over k. Then:
per(1X )
2
= (2πi )nχ(X ).
Proof. We may assume without loss of generality that X is geometrically con-
nected. Let us choose a hyperplane section H of X and consider its cohomology
classes cldR (H ) ∈ H
2
dR
(X /k) and clB (H ) ∈ H2B (X ). Then H
2n(X ) is generated by
cl(H )n . Since the comparison isomorphism sends cldR (H ) to (2πi )clB (H ) [13,
pp. 20-21], one has [detHn(X )]= (2πi )n . Now, for each 0≤ j ≤ n, the cup prod-
uct H j (X )⊗H2n− j (X )→H2n(X ) is non-degenerate (Poincaré duality) and com-
patible with the comparison isomorphism. It follows that
[detH j (X )] · [detH2n− j (X )]= (2πi )ndimH
j (X ),
and regrouping terms yields per(1X )2 = (2πi )nχ(X ). 
Remark 3.3. A closer look at the proof of Lemma 3.1 gives in fact the identity
per(1X )=
√
disc(qdR ) ·disc(qB ) · (2πi )
nχ(X )
2 , (16)
where qdR and qB denote the cup-product onH
n
dR
(X /k) andHnB (X ) respectively.
For odd n, these bilinear forms are alternating, so the discriminant is a square
and per(1X )= (2πi )
nχ(X )
2 . Observe that nχ(X )/2 is always an integer.
Example 3.2. Let L be an extension of k of degree d , and let δL/k denote the
determinant of the matrix (σi (a j ))1≤i , j≤d , where a1, . . . ,ad is a basis of L over k
and σ1, . . . ,σd are the complex embeddings of L inducing the identity of k . The
class of δL/k modulo k
× is independent of the chosen basis and δ2
L/k agrees with
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the discriminant of L over k . If X denotes Spec(L), viewed as a zero-dimensional
variety over k , then11 per(1X )=δL/k .
Example 3.3. Let us now assume that X is a curve of genus g (X ), write the “di-
visor at infinity” as D =
∐
i∈I Spec(ki ) and define δD as the product of all δki /k .
Then it follows from equation (15) and the previous example that
per(1U )= δD (2πi )
1−g (X )−
∑
i∈I [ki : k].
Observe that the extension k(δD)/k corresponds to the kernel of the signature
of the permutation action of Gal(k¯/k) on D(k¯).
4. PERIODS OF CYCLIC COVERS
In this section, we apply the Saito-Terasoma theorem to compute the periods
of certain cyclic covers introduced by Esnault and Viehweg. From this we derive
Proposition 2.1 and Theorem B. Along the way, we shall prove some new cases
of the Gross-Deligne conjecture (see Corollary 4.1 below).
4.1. Cyclic covers à la Esnault-Viehweg.
The main reference for this section is [16, §3]. Let us assume that we are given
the following data:
• d ≥ 2 is an integer, ξ is a primitive d-th root of unity and K is a subfield
of Q containing F =Q(ξ).
• Z is a smooth projective variety, of dimension n, over K .
• D =
∑
i∈I aiDi is an effective divisor with simple normal crossings on Z .
• L is an invertible sheaf on Z such that OZ (D)≃L d , and s ∈H0(Z ,L d )
is a section with zero divisor D.
We shall denote byU the complement ofDred in Z and, for each 0≤λ≤ d−1,
define the reduced divisor D(λ) =
∑
aiλ∤d Di and its complementU
(λ) = Z \D(λ).
Recall from [16, §3.5, 3.14] that, out of these data, one can form a d-fold
cyclic cover π : Y → Z ramified at D. A possible construction goes as follows:
consider the geometric line bundles corresponding to L −1 and L −d , and let
τ :V(L −1)→V(L −d ) denote the “d-th power map”. Then s induces a geometric
section σ : Z → V(L −d ). The associated cover π : Y → Z is the normalization of
τ−1(σ(Z )), together with the restriction of the projection V(L −1)→ Z .
A local computation shows that Y has at most finite quotient singularities,
lying above the singular locus ofD [16, §3.15, 3.24]. Besides, π : Y → Z is a Galois
cover, with cyclic Galois group G of order d . Let us choose a generator g and
identify the group of characters with Z/d via the root of unity ξ.
11Indeed, H0
dR
(L/k) = L and HB (L) = Q
Homk (L), so (σi (a j ))1≤i , j≤n is the matrix of the com-
parison isomorphismwith respect to these bases. Note that this is compatible with (16) since qdR
and qB are, respectively, the forms Tr(xy) and
∑
x2
i
.
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Remark 4.1. Although Y is not smooth, the construction of detQ(ξ)H
j (Y ,g ) can
be still carried out as in paragraph 2.3. Indeed, since Y has quotient singulari-
ties, any desingularization h : Y˜ → Y induces an injective morphism of Hodge
structures h∗ : H j
B
(Y ) ,→ H j
B
(Y˜ ) [10, Thm. 8.2.4] and the comparison isomor-
phism still holds, provided that de Rham cohomology is defined as the hyperco-
homology of the complex Ω˜•Y := h∗Ω
•
Y˜
[35, §1].
We shall compute the periods of detQ(ξ)H
j (Y ,g ) by means of rank one con-
nections on Z . For each 0≤λ≤ d −1, define the invertible sheaf
L
(λ)
=L
λ
⊗OZ OZ (−
∑
i∈I
[ aiλd ]Di ). (17)
In particular,L (0) =OZ and L (λ)⊗OZ L
(d−λ) ≃OZ (D(λ)) for λ 6= 0.
The following theorem summarizes the results that we need from [16, §3]:
Theorem 4.1 (Esnault-Viehweg).
(a) The sheaf L (λ)
−1
is isomorphic to the subsheaf of π∗OY on which g acts
by multiplication by ξλ. Therefore,
π∗OY =
d−1⊕
λ=0
L
(λ)−1 .
(b) Similarly, the eigenspace decomposition of π∗Ω˜
p
Y
is given by
π∗Ω˜
p
Y
=
d−1⊕
λ=0
L
(λ)−1
⊗OZ Ω
p
Z
(logD(λ)).
In particular, h
p,q
λ
(Y )=hq (Z ,L (λ)
−1
⊗OZ Ω
p
Z (logD
(λ))).
(c) The direct image of the exterior differentialOY → Ω˜
1
Y decomposes, accord-
ing to (a) and (b), as a direct sum of logarithmic integrable connections
∇
(λ) : L (λ)
−1
−→L
(λ)−1
⊗OZ Ω
1
Z (logD
(λ))
with residue ResDi∇
(λ) = {aiλd } · idODi along Di .
Since ∇(λ) is a logarithmic connection on the smooth projective variety Z ,
with poles only along D(λ), its restriction to the complement U (λ) has regular
singularities12. To get an object of the category MK ,F (U (λ)), we observe that the
direct image of the constant sheaf F (resp. C) on Y an
C
also carries an action of
G . For each λ, let (π∗F )λ (resp. (π∗C)λ) denote the subsheaf of π∗F (resp. π∗C)
on which g acts by multiplication by ξλ; then (π∗F )λ restricts to a rank one lo-
cal system on U (λ). The analytic horizontal sections of L (λ)
−1
are canonically
identified with (π∗C)λ, and the inclusion ρλ : (π∗F )λ ,→ (π∗C)λ induces an iso-
morphism (π∗F )λ⊗F C≃ ker(∇
(λ),an). Therefore,
Mλ = ((L
(λ)−1 ,∇(λ)), (π∗F )λ,ρλ)|U (λ) (18)
12This is a special case, for a finite morphism, of the aforementioned result that Gauss-Manin
connections are regular singular.
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is a well defined object ofMK ,F (U (λ)). Taking into account Theorem 4.1 and the
description of the Hodge structure detQ(ξ)H
j (Y ,g ), we have:
per(Mλ)=
2n∏
j=0
Pλ(detQ(ξ)H
j (Y ,g ))(−1)
j
.
4.2. Periods of cyclic covers.
Themain result of this section is the following:
TheoremD. For each λ, define an integer
Mλ =
1
2
∑
m≥0
(−1)m (n+m)χ(D(λ)(m)).
Let ε : Z/d→Z be any function satisfying, for all λ∈ (Z/d )×,∑
a∈Z/d
ε(a){aλd }+Mλ =
2n∑
j=0
(−1) j
∑
p+q= j
ph
p,q
λ
(Y ). (19)
Then, for each λ∈ (Z/d )×, there exists an algebraic numberαλ,ε such that
2n∏
j=0
Pλ(detQ(ξ)H
j (Y ,g ))(−1)
j
∼K× αλ,ε · (2πi )
Mλ ·
d−1∏
a=1
Γ
(
1−
a
d
)ε(a/λ)
. (20)
Moreover,αw
λ,ε ∈K
×, where w is the least commonmultiple of 2 and d.
Corollary 4.1. Assume that the sheaf L is ample and that the multiplicities ai
are coprime to d. Then the Gross-Deligne conjecture holds for detQ(ξ)H
n(Y ,g ).
Proof. By [15, Lemma 1.5] or [4, Cor. 1.6], these assumptions imply the van-
ishing of Hn(Y ,g ) for all j 6= n. The statement is then a direct consequence of
TheoremD and themultiplication formula (4). 
4.3. Proof of TheoremD.
Thanks to Remark 2.2, it suffices to prove the statement for only one function.
We proceed in two steps. We first apply the Saito-Terasoma theorem to the ob-
ject Mλ introduced in (18); this yields the relation (20) for a certain function ε0
to be described in the course of the proof. In a second step, we show that the
equality (19) is satisfied for this choice of ε0.
Step 1. Since the connections ∇(λ) and ∇(d−λ) are dual to each other overU (λ),
the Saito-Terasoma theorem gives the following identity in C×/K×:
per(Mλ)= per(1U (λ) ) · (Mλ,cZmodD(λ) ) ·Γ(∇
(d−λ) : L (d−λ)
−1
).
By Proposition 3.2, there exists an algebraic number C , with C2 ∈ K×, such
that per(1U (λ)) = C (2πi )
Mλ . Let us define the number αλ = C · (Mλ,cZmodD(λ))
and the function ε0 : Z/d→Z by
ε0(a)=
∑
ai≡a
mod d
[Ki : K ]χ(D
(λ),◦
i
).
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From the definition of the gamma factor, Remark 3.2 and the expression for
the residues in Theorem 4.1, we get:
Γ(∇(d−λ) : L (d−λ)
−1
)=
∏
i∈I
Γ
(
1− {aiλ
d
}
)[Ki : K ]χ(D(λ),◦i )
=
d−1∏
a=1
Γ
(
1−
a
d
)ε0(a/λ)
and, putting everything together,
2n∏
j=0
Pλ(detQ(ξ)H
j (Y ,g ))(−1)
j
∼K× αλ · (2πi )
Mλ ·
d−1∏
a=1
Γ
(
1−
a
d
)ε0(a/λ)
.
Lemma 4.1. We have αw
λ
∈K×.
Proof. It suffices to show that the equality (Mλ,cZmodD(λ) )
d = 1 holds in C×/K×.
Since cZmodD(λ) is a Z-linear combination of closed points of U
(λ), we are re-
duced to prove that NK (x)/K (Mλ|x)
d = 1 for any such x. We shall use the explicit
description given in (13). Consider the cyclic field extension K (Y )/K (Z ) corre-
sponding to π : Y → Z . By Kummer theory, there exists a generator fλ such that
f
g
λ
= ξλ fλ. Since x does not belong to the ramification locus, we may choose fλ
invertible at π−1(x). Using part (a) of Theorem 4.1, we see that fλ is a local basis
of the invertible sheafL (λ)
−1
at x, hencewe haveϕ= f −1
λ
, seen as a function on a
small neighborhood of x in the analytic manifold associated toU (λ). Therefore,
NK (x)/K (Mλ|x)
d
=
∏
σ∈AutK (K (x))
fλ(x
σ)d =NK (x)/K ( f
d
λ (x))= 1,
where the last equality holds because f d
λ
is a rational function on Z . 
Step 2. To conclude the proof, it remains to show:
Proposition 4.1. The following equality holds:
2n∑
j=0
(−1) j
∑
p+q= j
ph
p,q
λ
(Y )−
1
2
∑
m≥0
(−1)m (n+m)χ(D(λ)(m))=
∑
i∈I
{aiλd }[Ki : K ]χ(D
λ,◦
i
).
We shall need several lemmas.
Lemma 4.2. Let X be a smooth projective variety and D a simple normal cross-
ings divisor on X , with everything defined over a subfield of C. Then:
1
2
∑
m≥0
(−1)m (n+m)χ(D(m))=
n∑
p=0
(−1)ppχ(X ,Ω
p
X
(logD)).
Proof. Recall that the complex Ω•X (logD) is equipped with a weight filtrationW
and that the Poincaré residue induces an isomorphism
GrWmΩ
•
X (logD)
∼
→ (am)∗Ω
•
D(m)[−m],
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where am : D(m)→ X is the map deduced from the inclusions D J ,→ X . From
this, we compute
n∑
p=0
(−1)ppχ(X ,Ωp
X
(logD))=
∑
m≥0
n∑
p=0
(−1)ppχ(X ,GrWmΩ
p
X
(logD))
=
∑
m≥0
(−1)m
2(n−m)∑
p=0
(−1)p (p+m)χ(D(m),Ωp
D(m))
=
1
2
∑
m≥0
(−1)m (n+m)χ(D(m)).
In what precedes, the last equality follows from
n−m
2
χ(D(m))=
n−m∑
p=0
(−1)ppχ(D(m),Ωp
D(m)),
which, regrouping terms, is an immediate consequence of Serre’s duality. 
Corollary 4.2. The following identity holds:
1
2
∑
m≥0
(−1)m(n−m)χ(D(m))=
n∑
p=0
(−1)ppχ(X ,Ωp
X
(logD)(−D)).
Proof. Since ΩnZ is isomorphic to Ω
n
Z (logD)(−D), a direct application of Serre’s
duality shows thathq (Z ,Ωp
Z
(logD)(−D))=hn−q (Z ,Ωn−p
Z
(logD)). Now the claim
follows from Lemma 4.2 by elementary manipulations. 
Lemma 4.3. Let F be a locally free OZ -module of rank r . Then:
r∑
p=0
(−1)ppchp (ΛpF )= (−1)r cr−1(F )+higher order terms.
Proof. See the proof of [30, Lemma 5.2]. 
Lemma 4.4. The first Chern class of L (λ)
−1
is c1(L (λ)
−1
)=−
∑
i∈I {
aiλ
d
}[Di ].
Proof. This is a straightforward consequence13 of the definition ofL (λ), together
with the assumption that L d ≃OZ (D). 
Lemma 4.5. Let D be a simple normal crossings divisor on a smooth projective
variety X , with everything defined over K . Then:
(−1)n−1degK cn−1(Ω
1
X (logD)|Di )= [Ki : K ]χ(D
◦
i ).
Proof. Let us first recall that
χ(X \D)= (−1)n degK cn(Ω
1
X (logD)), (21)
13Alternatively, it follows from the general expression of Chern classes of vector bundles with
logarithmic connections in terms of its residues [15, App. B].
22 JAVIER FRESÁN
an identity which follows from χ(X ) = (−1)n degK cn(Ω
1
X ) [18, Ex. 8.1.12], the
exact sequences of logarithmic differentials [16, §2.3] and the additivity of the
Euler characteristic. By the exact sequence of sheaves on Di
0→Ω1Di (log(D−Di )|Di )−→Ω
1
X (logD)|Di −→ODi −→ 0
and theWhitney sum formula for Chern classes, we get
cn−1(Ω
1
X (logD)|Di )= cn−1(Ω
1
Di
(log(D−Di )|Di ).
Since Ki is the field of constants ofDi , the claim follows from (21) applied to the
simple normal crossings divisor (D−Di )|Di =
⋃
i 6= j (Di ∩D j ) on Di . 
Armed with all these lemmas, we can now conclude the proof of Theorem D.
Proof of Proposition 4.1. Let (⋆) denote the right hand side of the equality to be
proved. By part (b) of Theorem 4.1 and Lemma 4.2, it can be rewritten as
(⋆)=
n∑
p=0
(−1)pp[χ(Z ,L (λ)
−1
⊗OZ Ω
p
Z
(logD(λ))))−χ(Z ,Ωp
Z
(logD(λ)))].
The Hirzebruch-Riemann-Roch theorem [18, Cor. 15.2.1] and themultiplica-
tivity of the Chern character yields the identity
χ(Z ,L (λ)
−1
⊗OZ Ω
1
Z (logD
(λ)))−χ(Z ,Ωp
Z
(logD(λ)))
=
∫
Z
[ch(L (λ)
−1
)−1] ·ch(Ωp
Z
(logD(λ))) ·Td(T Z ).
Therefore,
(⋆)=
∫
Z
[ch(L (λ)
−1
)−1] · [
n∑
p=0
(−1)ppch(ΛpΩ1Z (logD
(λ)))] ·Td(T Z )
= (−1)n
∫
Z
c1(L
(λ)−1)cn−1(Ω
1
Z (logD
(λ)))
=
∑
i∈I
{aiλd }(−1)
n−1 degK cn−1(Ω
1
Z (logD
(λ))
|D(λ)
i
)
=
∑
i∈I
{aiλ
d
}[Ki : K ]χ(D
(λ),◦
i
),
where the last three equalities follow from lemmas 4.3, 4.4 and 4.5. 
4.4. Proof of Proposition 2.1.
Let us keep the notation from paragraph 2.3, and denote by π : X → Z the quo-
tient of X by the action of g . Since g has no fixed points, Z is a smooth projective
variety and themorphism π is étale. Thus the direct image of the exterior differ-
ential decomposes into rank one smooth connections, and the Saito-Terasoma
theorem reduces to
per(Mλ)= per(1Z ) · (Mλ,cZ ).
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Let us compute each of these terms. On the one hand, by the identity (16) and
themultiplicativity of the Euler characteristic on étale covers, we have
per(1Z )=
√
disc(qdR ) ·disc(qB ) · (2πi )
nχ(X )
2d ,
where qdR and qB denote the cup-product on H
n
dR
(Z /K ) and HnB (Z ) respec-
tively. On the other hand, the canonical cycle is given by cZ = (−1)ndiv(ω) for
any non-zero rational section ω of Ω1Z . Let fλ be a generator of K (X ) over K (Z )
such that f
g
λ
= ξλ fλ and that fλ is invertible at the points lying over the support
of cZ . Then, by the proof of Lemma 4.1,
(Mλ,cZ )=
∏
z∈Z
∏
σ∈AutK (K (z))
fλ(z
σ)(−1)
nordz (ω).
Therefore, for the obvious choice of αλ,
2n∏
j=0
Pλ(H
j (X ,g ))(−1)
j
∼K× αλ(2πi )
nχ(X )
2d .
Remark 4.2. Let us assume that H j (X ,g ) vanishes except in degree j = n. In
this case, Proposition 4.1 shows that
(−1)n
∑
p+q=n
ph
p,q
λ
(X )=
nχ(X )
2d
.
Hence the function ρn in (5) is constant and detQ(ξ)H
n(X ,g ) consists of Hodge
classes, as we claimed after the statement of Proposition 2.1.
4.5. Proof of Theorem B.
Let us keep the notation from paragraph 2.3. Taking into account that H j (X ,g )
vanishes for j 6= 1 and that the residue of ∇(λ) at s is equal to ords (Fλ)d , the Saito-
Terasoma theorem, the computation of per(1Z\S ) in Example 3.3 and the explicit
description of the pairing in Example 3.1 yield:
Pλ(detQ(ξ)H
1(X ,g ))=αλ(2πi )
g (Z )−1+
∑
s∈S [K (s) : K ]
∏
s∈S
Γ
(
1−
ords(Fλ)
d
)−[K (s) : K ]
.
To transform this into the desired expression, it suffices to show that
(2πi )
∑
s∈S [K (s) : K ]
∏
s∈S
Γ
(
1−
ords(Fλ)
d
)−[K (s) : K ]
∼K×
∏
s∈S
Γ
(
ords(Fλ)
d
)[K (s) : K ]
.
Since K containsQ(ξ), this follows from the reflection formula
Γ(z)Γ(1− z)=
π
sin(πz)
= 2πi
e iπz
e2πi z −1
, (22)
together with the remark that
∑
s∈S[K (s) : K ]
ords (Fλ)
d is an integer since, using
Lemma 4.4, it is equal to minus the degree of the Chern class c1(L (λ)
−1
).
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4.6. Periods with compact support.
For later use, we compute the periods with compact support of the object Mλ
over the subvarietyU ⊆U (λ).
Let π : Y → Z be the cyclic cover ramified at D constructed in paragraph 4.1
and set E =π−1(D) and V = Y \Ered . We denote by Σ the singular locus of Y , by
ι : Y \Σ→Σ the inclusion, and define the complex of coherent sheaves
Ω˜
•
Y (logE )= ι∗Ω
•
Y \Σ(log(E \Σ)).
By [35, §1.17] and [4, Lemma 1.2], there is a canonical isomorphism
H•(Y ,Ω˜•Y (logE ))⊗K C
∼
−→H
j
B (V )⊗QC,
and the eigenspace decomposition of π∗Ω˜
p
Y
(logE ) is given by
π∗Ω˜
p (logE )=
d−1⊕
λ=0
L
(λ)−1
⊗OZ Ω
p
Z (logD).
Arguing as after Proposition 4.1, we get
perc (Mλ|U )=
2n∏
j=0
Pλ(detQ(ξ)H
j
c (V ,g ))
(−1) j ,
where H jc (V ,g ) denotes the largest sub-vector space H ⊆ H
j
B,c(V ) such that g
∗
acts on H⊗QC through primitive eigenvalues, and the determinant is takenwith
respect to the natural structure of Q(ξ)-vector space. Finally, let us define14
h
p,q
λ,c (V )=h
q (Z ,L (λ)
−1
(D(λ))⊗OZ Ω
p
Z
(logD)(−D)).
Theorem 4.2. There exists a function ε : Z/d→Q satisfying the conditions:
(a) The following equality holds for all λ ∈ (Z/d )×:∑
a∈Z/d
ε(a){aλ
d
}=
2n∑
j=0
(−1) j
∑
p+q= j
ph
p,q
λ,c (V ).
(b) For each λ∈ (Z/d )×, there exists an algebraic number αλ such that
2n∏
j=0
Pλ(detQ(ξ)H
j
c (V ,g ))
(−1) j
∼L× αλ ·
d−1∏
a=1
Γ
(
1−
a
d
)ε(a/λ)
,
where L is the extension of K generated by i and d
1
d−1 . Moreover,αw
λ
∈K×.
Proof. By Theorem 3.2, the following equality holds in C×/K× :
perc (Mλ|U )= perc (1U ) · (Mλ|U ,cZmodD ) ·Γ(∇
(λ) : L (λ)
−1
)−1.
The first factor was computed in corollaries 3.1 and 4.2: perc (1U )=C (2πi )
M ,
whereM =
∑n
p=0(−1)
ppχ(Z ,Ωp
Z
(logD)(−D)) and C2 ∈ K×. Besides, the number
αλ =C (Mλ|U ,cZmodD) is algebraic and satisfies α
w
λ
∈ K× by Lemma 4.1. Let I (λ)
14Note that this notation is coherentwith the definition of cohomologywith compact support
in paragraph 3.6, since the extension L (λ)
−1
(D(λ)−D) is small by Remark 3.1 and Theorem 4.1.
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denote the subset of I consisting of those indices such that aiλ does not divide
d and define a function ε0 : Z/d→Z by
ε0(a)=
∑
i∈I (λ)
ai≡a mod d
[Ki : K ]χ(D
◦
i ).
Combining the definition of the gamma factor with the reflection formula (22)
and the remark right after it, as well as the multiplication formula (4), we get
perc (Mλ|U )∼K× αλ(2πi )
M
∏
i∈I (λ)
Γ
(
{aiλ
d
}
)−[Ki : K ]χ(D◦i )
∼K× αλ(2πi )
M−
∑
i∈I (λ) [Ki : K ]χ(D
◦
i )
d−1∏
a=1
Γ
(
1−
a
d
)ε0(a/λ)
∼L× αλ
d−1∏
a=1
Γ
(
1−
a
d
)ε(a/λ)
,
where ε(a)= ε0(a)+
2
d−1M −
2
d−1
∑
i∈I (λ)[Ki : K ]χ(D
◦
i
).
To conclude, it remains to show that
n∑
p=0
(−1)ppχ(Z ,L (λ)
−1
(D(λ))⊗OZ Ω
p
Z
(logD)(−D))
−
n∑
p=0
(−1)ppχ(Z ,Ωp
Z
(logD)(−D))=
∑
i∈I (λ)
({aiλ
d
}−1)[Ki : K ]χ(D
◦
i ).
Mutatis mutandi, the proof is the same as the one of Proposition 4.1. 
5. PROOF OF THEOREM A
In this final section, we show how to derive Theorem A from the previous
computations of periods of cyclic covers. As already mentioned, the strategy
consists of performing a series of equivariant blow-ups tomake g act freely out-
side a simple normal crossings divisor.
5.1. The cohomology of equivariant blow-ups.
Let X be a smooth projective variety over a subfield K of C, together with the
action of a finite groupG , and let Y ,→ X be aG-equivariant smooth closed sub-
scheme of codimension r . Denote by τ : X˜ → X the blow-up of X along Y , by
e : E ,→ X˜ the immersion of the exceptional divisor and byψ : E→ Y the restric-
tion of τ to E . Finally, let OE (1) be the tautological vector bundle on E . By the
universal property of blow-ups, the action of G canonically lifts to X˜ and the
morphisms τ and e areG-equivariant (see e.g. [21, §2.1.11]).
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Lemma 5.1. The map
H j (X )⊕
r−2⊕
ℓ=0
H j−2ℓ−2(Y )(−ℓ−1)−→H j (X˜ )
(η,κ0, . . . ,κr−2) 7−→ τ
∗η+e∗[
r−2∑
ℓ=0
ψ∗(κℓ)∪c1(OE (1))
ℓ] (23)
is a G-equivariant isomorphism in the category MK ,F (K ). Moreover, it is compat-
ible with the Hodge structures on the Betti components.
Proof. Leaving aside the action ofG , the statement is proved in [25, §9]. To show
that (23) isG-equivariant, it suffices to observe thatG acts trivially on the Chern
class c1(OE (1)), which follows from the fact that the vector bundle OE (1) is G-
linearized. Indeed, G acts on the normal bundle NY X because the subscheme
Y isG-stable, hence on the geometric vector bundle associated to NY X and on
its blow-up along the zero section. But this blow-up is nothing but the geometric
vector bundle corresponding to OE (1), which yields theG-linearization. 
For the rest of the section, we assume that G is cyclic of order d ≥ 3 and we
choose a generator g . From Lemma 5.1 we immediately deduce:
Corollary 5.1. If the restriction of g to Y has order strictly less than d, then the
Hodge structures H j (X ,g ) and H j (X˜ ,g ) are isomorphic.
We shall perform a sequence of blow-ups with the goal of makingG act freely
outside a G-strict normal crossings divisor D. Recall that this means that, for
each irreducible component Di of D, either gDi =Di or gDi ∩Di =;. Given a
subgroup H ofG , let X H denote the closed subscheme of fixed points of H . We
shall make repeated use of the fact that X H is smooth, see e.g. [14, Prop. 3.1].
Let d = pe11 · · ·p
et
t be the prime factorization of d . Put N =
∑t
i=1 et and let S
denote the set of divisors of d . We can write S as a disjoint union of subsets
Sℓ = {p
f1
1 · · ·p
ft
t | 0≤ fi ≤ ei , f1+·· ·+ ft = ℓ}
for ℓ= 0, . . . ,N . For example, S0 = {1} and S1 = {p1, . . . ,pt }. Given an integer s ∈ S,
let Hs denote the subgroup ofG generated by g s .
We construct a tower of blow-ups
X˜ = XN−1
τN−1
−−−→ ···
τ1
−→ X0
τ0
−→ X
as follows: τ0 : X0→ X is the blow-up of X along XG and, for eachm ≥ 1, we de-
fine recursively τm : Xm → Xm−1 as the blow-up of Xm−1 along the strict trans-
form of
⋃
s∈Sm X
Hs by τm−1 ◦ · · · ◦τ0. We denote by τ : X˜ → X the composition of
τN−1 ◦ · · · ◦τ0 and by E the inverse image of
⋃
s∈S X
Hn by τ.
Since all the centers of the blow-ups are smooth and G-equivariant, X˜ is a
smooth projective variety over K , acted upon by an automorphism of order d
which will be still denoted by g .
Lemma 5.2.
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(a) E is a G-strict normal crossings divisor andG acts freely on X˜ \E.
(b) G acts with order strictly less than d on the cohomology15 of E.
(c) The Hodge structures H j (X ,g ) and H j (X˜ ,g ) are isomorphic.
Proof. Assertion (a) is proved in [21, Lemma 4.2.3]. Property (b) follows from the
fact that X˜ is obtained by successively blowing upG-equivariant smooth closed
subschemes on whichG acts with order strictly less than d . Indeed, at each step,
the exceptional divisor is a projective bundle over the center Y of the blow-up,
so its cohomology ring is an algebra over H∗(Y ) generated by the first Chern
class of the tautological line bundle. By the proof of Lemma 5.1 above, G acts
trivially on this Chern class, so the order of the action is the same as the order of
the action on H∗(Y ), which is strictly smaller than d by construction. Finally, (c)
is a straighforward consequence of Corollary 5.1. 
5.2. End of the proof.
Let us keep the notation of Theorem A, and write G for the group generated by
the automorphism g . By Lemma 5.2, we may assume that there exists a sim-
ple normal crossings divisor E on X such thatG acts freely on the complement
V = X \E and with order strictly less than d on the cohomology of E . Since the
diagram
H
j−1
dR
(E )⊗C //

H
j
dR ,c (V )⊗C
//

H
j
dR
(X )⊗C //

H
j
dR
(E )⊗C

H
j−1
B
(E )⊗C // H j
B,c (V )⊗C
// H
j
B
(X )⊗C // H j
B
(E )⊗C
, (24)
commutes and all the maps areG-equivariant, we deduce that
Pλ(detQ(ξ)H
j (X ,g ))= Pλ(detQ(ξ)H
j
c (V ,g )).
Let U denote the quotient V /G . Since G acts freely, U is a smooth quasi-
projective variety over K and V is an unramified cyclic cover of U . Let Z be a
smooth projective variety over K containingU as the complement of a normal
crossings divisorwith irreducible components (Di )i∈I , and consider thenormal-
ization Y of Z in the fraction field of V . Then the action of G extends to Y , and
the normalization map π : Y → Z exhibits Z as the quotient of Y byG .
Lemma5.3. π : Y → Z is isomorphic to a cyclic cover constructed out of an invert-
ible sheaf L on Z such that L d ≃ OZ (D), for some effective divisor D supported
on
⋃
i∈I Di .
Proof. Since Z is smooth and Y is an abelian normal cover, the morphism π is
flat and there is a direct sum decomposition
π∗OY =
⊕
χ∈Ĝ
L−1χ ,
15Note, however, that G does not need to act with order strictly less than d on E itself; the
actionmay not be trivial even when one only blows up fixed points.
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where L−1χ denotes the invertible subsheaf of π∗OY on whichG acts through the
character χ [5, §3]. We claim that L = Lχ, for any primitive χ, has the desired
property. Indeed, if fχ is a generator of the cyclic extensionK (Y )/K (Z ) onwhich
G acts through χ, then gχ = f dχ is a rational function on Z whose divisor can be
uniquely written as div(gχ) = −dBχ+Dχ, where Dχ is effective, supported on⋃
i∈I Di and has no multiplicity ≥ d . If we pick another generator, Dχ remains
unchanged, while Bχ is replaced by a linearly equivalent divisor. Therefore, Dχ
and the invertible sheaf OZ (Bχ) are uniquely determined by χ. A local computa-
tion, as in loc.cit., shows that Lχ =OZ (Bχ), henceL d =OZ (Dχ). 
Once that we have proved thatπ : Y → Z is a cyclic cover in the sense of para-
graph 4.1, the statement follows from Theorem 4.2, together with the observa-
tion that h
p,q
λ
(X )= h
p,q
λ,c (V ) for all λ ∈ (Z/d )
×, since the lower horizontal maps in
(24) are morphisms of mixed Hodge structures. This concludes the proof.
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